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ABSTRACT
This paper is the second in a sequel of two papers and dedicated to the computation
of paraxial rays and dynamic characteristics along the stationary rays obtained in the
first paper. We start by formulating the linear, second-order, Jacobi dynamic ray tracing equation. We then apply a similar finite-element solver, as used for the kinematic
ray tracing, to compute the dynamic characteristics between the source and any point
along the ray. The dynamic characteristics in our study include the relative geometric
spreading and the phase correction due to caustics (i.e. the amplitude and the phase
of the asymptotic form of the Green’s function for waves propagating in 3D heterogeneous general anisotropic elastic media). The basic solution of the Jacobi equation
is a shift vector of a paraxial ray in the plane normal to the ray direction at each
point along the central ray. A general paraxial ray is defined by a linear combination
of up to four basic vector solutions, each corresponds to specific initial conditions related to the ray coordinates at the source. We define the four basic solutions with two
pairs of initial condition sets: point–source and plane-wave. For the proposed point–
source ray coordinates and initial conditions, we derive the ray Jacobian and relate it
to the relative geometric spreading for general anisotropy. Finally, we introduce a new
dynamic parameter, similar to the endpoint complexity factor, presented in the first
paper, used to define the measure of complexity of the propagated wave/ray phenomena. The new weighted propagation complexity accounts for the normalized relative
geometric spreading not only at the receiver point, but along the whole stationary ray
path. We propose a criterion based on this parameter as a qualifying factor associated with the given ray solution. To demonstrate the implementation of the proposed
method, we use several isotropic and anisotropic benchmark models. For all the examples, we first compute the stationary ray paths, and then compute the geometric
spreading and analyse these trajectories for possible caustics. Our primary aim is to
emphasize the advantages, transparency and simplicity of the proposed approach.
Key words: Anisotropy, Rays, Computing aspects.
I N T RO D U C T I O N
Following the theory and implementation of the kinematic
Eigenray method in smooth heterogeneous anisotropic elastic media, described in Koren and Ravve (2021) of this study,
this part is devoted to the formulation and implementation
of the corresponding dynamic ray tracing (DRT) problem.
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The dynamic properties are the high-frequency characteristics of body waves propagating along precomputed stationary rays. The same finite-element scheme (including discretization and interpolation type), applied in Koren and Ravve
(2021) for the kinematic ray tracing (KRT), is used in this
part to solve the corresponding DRT vector-form ordinary
differential equation (ODE; referred to as the Jacobi DRT
equation). Solving the Jacobi DRT equation makes it possible to accurately compute the relative geometric spreading
with special attention to the identification and classification
of caustics.
© 2020 European Association of Geoscientists & Engineers
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Recall that in Koren and Ravve (2021) we describe an
efficient method for computing the global relative geometric
spreading between the two endpoints of the stationary path,
using the traveltime Hessian. That method does not require
explicitly solving the DRT equation; however, it does not deliver the relative geometric spreading at any point along the
ray path, possible caustic locations and their types; this requires performing the DRT explicitly which is the theme of
this study.
For simplicity, from now on throughout the paper, we use
the term ‘geometric spreading’ for the so-called relative geometric spreading defined, for example, by Červený (2000).
The proposed kinematic/dynamic Eigenray method is a
finite-element approach, for solving first the two-point (nonlinear) KRT problem and then to perform the (linear) DRT
to obtain the dynamic characteristics along the stationary ray.
The kinematic Eigenray provides a stationary traveltime ray
path, nonuniformly discretized with a set of spatial nodes. The
information contained at each node consists of its spatial location and ray direction vectors, the traveltime, the magnitude
of the ray velocity and the Lagrangian gradients and Hessians.
This already available information makes the computation of
the DRT straightforward.
Obtaining the dynamic characteristics involves approximations of paraxial rays (or a ray tube) for different initial/boundary conditions and, in particular in this study, computation of the point–source ray Jacobian (the varying, signed
normal cross-section area of the ray tube) which makes it possible to analyse caustic locations and their types, and to compute the geometric spreading. The computation of these dynamic properties in complex geological areas (involving considerable heterogeneity and anisotropy effects), in particular
across caustic locations, is challenging and can be unstable.
The computation of the kinematic and dynamic properties
requires the first and second spatial and directional derivatives of the traveltime, which can be formulated analytically in
terms of the corresponding derivatives of the local ray (group)
velocity vector (Ravve and Koren, 2019). Note that the actual computation of these derivatives requires a careful preconditioning (smoothing) of the ‘velocity’ field in order to
obtain stable numerical (first and second) derivatives of the
stiffness tensor components with respect to (wrt) the location
coordinates.
The propagation of high-frequency energy within subsurface geological models may involve caustic locations along the
rays. Caustics are associated with the zeros of the ray Jacobian
along the ray path, and a simple criterion allows distinguishing between their two possible types (orders): line and point.
In the case of a line caustic, we also establish the line direc-

tion. The (reciprocal) geometric spreading is directly related to
the (non-reciprocal) ray Jacobian. Note also that the ray Jacobian depends on the choice of the ray coordinates (RC) at the
source, while the geometric spreading is an objective physical
characteristic independent of this choice. For isotropic media,
the relationship between the ray Jacobian and the geometric
spreading is very simple, which is not the case for anisotropic
media. Using our proposed RC, we provide a relatively simple relationship between the ray Jacobian and the (reciprocal)
geometric spreading in general anisotropic media. Generally,
the ray tube used for computing the ray Jacobian is defined
with two point–source DRT solutions, governed by a linear,
vector-form ODE. The DRT equation provides the changes of
the spatial coordinates, ray directions and slowness vectors of
paraxial rays along the central ray wrt the RC (normally defined at the source location). The DRT is normally computed
either in Cartesian coordinates or in ray-centred coordinates
(RCC) oriented in the direction of the ray velocity vector and
in the plane normal to this direction, or in wavefront orthonormal coordinates (WOC) oriented in the direction of the slowness vector and its normal plane (e.g. Červený, 2000).
In this part of our study, we follow the main ideas and
concepts, published more than a century ago by Bliss (1916),
on the Jacobi condition for variational calculus of parametric functionals. We adjust the general theory presented in this
paper in order to derive the linear, second-order DRT equation and name it the Jacobi DRT equation. The formulation
is based on the analysis of the second traveltime variation
of a general paraxial ray in smooth heterogeneous general
anisotropic elastic media.
We compare the proposed Lagrangian DRT approach
with the more commonly used Hamiltonian approach and
demonstrate that the two methods are fully compatible. We
also derive the relationships between the Hessians of the Lagrangian, L(x, r), wrt the ray location and direction vectors
and the corresponding Hessians of its matching Hamiltonian,
H(x, p), wrt the ray location and slowness vectors.
We use the same finite-element approach applied in Koren and Ravve (2021) to the kinematic Euler–Lagrange KRT
equation, to solve the Jacobi DRT equation. We apply the
weak finite-element formulation with the Galerkin method
to this second-order DRT ODE, thus effectively reducing it
locally to a linear, first-order, local weighted residual equation set. In the finite-element implementation for the KRT
(Koren and Ravve, 2021), the resulting algebraic equation
set is nonlinear, while in the implementation for the DRT
(Ravve and Koren, 2021), it is linear. Due to the unique
formulation of the proposed finite-element approach (discretization of the ray path and interpolation between the
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nodes for both the kinematic and dynamic analyses), the resolving matrix of the dynamic finite-element linear equation
set (the global ‘stiffness’ matrix, by analogy with the finiteelement linear elasticity problems; not to be confused with the
Voigt/Kelvin matrix representation of the fourth-order stiffness tensor C̃) becomes identical to the global (all-node) traveltime Hessian matrix computed for the stationary path in the
KRT. This is a great advantage which makes the combined
kinematic and dynamic computations naturally consistent and
very efficient (since the ‘stiffness’ matrix: the traveltime Hessian is already available). In other words, the global traveltime
Hessian computed for obtaining the stationary path inherently
provides the ‘stiffness’ matrix of the finite-element solver for
computing the dynamic characteristics. Note that for isotropic
media, a similar approach, with the use of the Hessian matrix
for both kinematic and dynamic analyses (based, however, on
the finite differences rather than the finite-element method),
has been implemented by Julian and Gubbins (1977), Thomson and Gubbins (1982) and Pereyra (1996), among others.
Like in Koren and Ravve (2021), we apply a suitable dynamic characteristic, which we call the normalized relative geometric spreading; however, in this part of the study, the relative geometrical spreading LGS is computed with the proposed
Jacobi DRT for any point along the ray path. This parame2
ter, LGS /σ (where dσ = vray ds = vray
dτ ), is identically 1 along
the ray paths in isotropic media of constant velocity gradient,
and becomes different otherwise. At the source point, both
the numerator and the denominator of this fraction vanish;
however, their ratio has a finite limit. For arbitrary isotropic
media, the limit is 1; for anisotropic media, it accepts a different value, and we derive the formula to compute this limit.
We find this new dynamic characteristic an attractive parameter to qualify the complexity of the wave phenomena along
the ray (note that in Koren and Ravve (2021) we could only
qualify the full ray path). In some modelling, imaging or inversion (tomography) applications, this parameter can be used
either as a threshold, for accepting/rejecting the obtained stationary path solutions, or as a weighting factor, for example,
in the amplitude summation process in ray-based Kirchhofftype migrations.

Structure of the paper
In Koren and Ravve (2021) we have provided a number of
important references of the published studies describing the
computation of the geometric spreading between given source
and receiver locations, in particular, methods based on the
source–receiver traveltime Hessian matrix, which do not re-

quire explicitly performing the DRT. In this part (Ravve and
Koren, 2021), we first review the published works for computing dynamic properties along the ray path using the DRT.
These methods are based on the computation of the ray Jacobian (i.e. the varying, signed normal cross-section area of the
ray tube, representing also the determinant of the transformation matrix between the Cartesian coordinates and the RC of
a paraxial ray), which, in turn, makes it possible to compute
the geometric spreading and to identify caustic locations and
their types (orders).
We then review the properties (conditions) of a stationary
solution for a multi-dimensional parametric functional, studied by Bliss (1916), and we adjust the general theory in the
cited paper to our case: The analysis of dynamic properties of
rays in smooth heterogeneous general anisotropic elastic media. We then discuss the necessary and sufficient conditions
for distinguishing between the two possible stationary ray solutions: A minimum traveltime, which requires a positive second traveltime variation, and a saddle point (due to caustics),
where the second traveltime variation is not necessarily positive. Note that, alternatively, one can conclude about the type
of the stationary path by directly analysing the traveltime Hessian of this path obtained in the kinematic stage: Positive definite traveltime Hessian means a minimum traveltime, while
indefinite Hessian (with eigenvalues of both signs) is an evidence of a saddle point stationary solution.
Using variational calculus, we derive the Jacobi DRT
equation. The solution to the Jacobi DRT equation is a vector, defined at each point along the central ray, representing
a shift of a paraxial ray in the plane normal to the direction of the central ray at that point. In the most general case,
this normal shift vector is obtained as a linear combination
of (up to four) basic vector solutions (e.g. corresponding to
two initial conditions (IC) pairs: two point–source and two
plane-wave initial condition sets) of the Jacobi DRT equation. We explicitly define the corresponding two point–source
and the two plane-wave ray coordinates (RC). For the two
point–source basic vector solutions, we formulate the corresponding ray Jacobian; its analysis provides the identification
of caustic locations and characterization of their types. We
then provide an original relation between the ray Jacobian
and the relative geometric spreading for general anisotropy. A
general paraxial ray consisting of all four basic solutions can
be used to relate the vector shifts imposed at the endpoints
of the ray (source and receiver) to the four RC and to provide the corresponding paraxial traveltime (Ravve and Koren,
2020b). Finally, we compare the proposed Lagrangian and
the corresponding Hamiltonian approaches to the DRT and
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demonstrate that they are fully compatible/equivalent for general anisotropy.
As mentioned in Koren and Ravve (2021), we have recently pre-printed a set of seven papers (parts) at the arXiv
website library of the Cornell University, covering the comprehensive theoretical and implementation aspects of the kinematic Eigenray (Koren and Ravve, 2020a, 2020b, 2020c)
and the dynamic Eigenray (Ravve and Koren, 2020a, 2020b,
2020c, 2020d). In this paper, we provide the main results of
the dynamic Eigenray method, where, whenever needed, we
explicitly refer to the detailed derivations in the arXiv papers.

DY N A M I C R AY T R AC I N G - B A S E D R AY
J AC O B I A N A N D G E O M E T R I C S P R E A D I N G :
A REVIEW
The use of the dynamic ray tracing (DRT)-based ray Jacobian
provides the computation of the corresponding geometrical
spreading and the analysis of caustics at points along the stationary ray path. Neighbouring curved rays associated with
the same seismic event can come together, or focus, to form
an envelope or a caustic surface. In these locations along the
ray, the cross-section area of the ray tube shrinks to zero, leading to anomalously large amplitudes and specific phase shifts
of Green’s functions, which are fundamental components of
many physical problems. These caustic-based phase shifts are
normally associated with the KMAH index, named after the
pioneering studies by Keller (1958), Maslov (1965), Arnold
(1967) and Hörmander (1971). The caustics phenomena have
been since widely investigated in many different wave/raybased physical problems (e.g. Bott, 1982; Nye, 1985; White
et al., 1988; Holm, 2012; Gutenberg and Mieghem, 2016;
Červený, 2000, 2013).
Snieder and Spencer (1993) studied paraxial rays in
isotropic media due to perturbed locations of the source and
receiver, considering both components of the source/receiver
shifts: in the ray-normal plane and tangent to the ray; Ravve
and Koren (2020b) derived similar formulae for general
anisotropy.
Hubral et al. (1995a, 1995b) developed a new factorization method to establish geometric spreading and the number
of caustics (KMAH index) along the ray path. With this approach, integrations along the ray segments can be performed
independently; the global geometric spreading and the KMAH
index then include contributions of the ray segments and Fresnel zones at the segment connections.
For 3D inhomogeneous general anisotropic elastic media,
Gajewski and Pšenčík (1987) suggested a finite-difference ap-

proach to establish the components of the transform matrix Q
where the derivatives of the Cartesian coordinates with respect
to the ray coordinates are computed for a fixed traveltime.
Garmany (2000) generalized the KMAH sign rule for caustics
on convex and concave quasi-shear slowness surfaces. In the
latter case, the curvatures of the slowness surface should be
computed in order to draw conclusions about its convexity or
concavity. Hanyga and Slawinski (2001) studied caustics and
qSV ray fields of transversely isotropic and vertically inhomogeneous media. Waheed and Alkhalifah (2016) suggested an
effective ellipsoidal model for tilted orthorhombic (TOR) media, where the computed wavefield contains most of the critical components, including frequency dependency and caustics. Červený and Pšenčík (2017) applied a paraxial Gaussian
beam approach to study wavefields at caustics and their vicinities, computing both geometric spreading and phase shifts in
inhomogeneous anisotropic complex media. Mitrofanov and
Priimenko (2018) applied the KMAH index to separate compressional and converted waves, in particular PSP waves from
streamer data. A comprehensive discussion on caustics is given
in the book by Arnold (1994), with an extensive list of references therein.
Traditionally in seismology, the KMAH index is obtained
by solving the DRT equation set for the transformation matrix
Q and its accompanying matrix P:
Qi j =

∂xi
∂ pi
∂ 2t
, Pi j =
=
, i, j = 1, 2, 3, γ3 ≡ τ,
dγ j
∂γ j
∂xi ∂γ j

(1)

where xi and pi are, respectively, the Cartesian coordinates
and slowness vector components, γ j are the point–source ray
coordinates (RC) with, for example, γ3 ≡ τ , the current traveltime along the central ray (other ray characteristics for γ3 can
be used as well), and γ1 and γ2 are the fixed take-off angle and
azimuth at the source, respectively. The matrix product M,
M = P Q−1 =

d2t
dp
,
=
dx2
dx

(2)

(e.g. Červený, 2000) represents the spatial gradient of the
slowness vector along the ray. A further discussion about the
physical characteristics of matrix M is also given in Ravve and
Koren (2020c, Appendix C). The conditions for the types of
caustics can be derived from the transformation matrix Q,
analysing the zeros of its determinant. It is, however, convenient to rotate the matrix from the global to a local Cartesian
frame where the third axis is tangent to the ray, and to reduce
the dimension of Q from 3 × 3 to 2 × 2, Q → Q2x2 . For
the case where γ3 = τ (the current time), the third column of
the matrix Q, ∂x/∂γ3 = ∂x/∂τ = vray includes the ray (group)
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velocity components. After the rotation, two components of
this column are zeros and the third is the absolute value of
the ray velocity, vray . The Jacobian J (τ ) of the ray tube along
the central ray is given by the determinant J (τ ) = det Q =
vray det Q2x2 , where Q2x2 is the upper left 2 × 2 block of the
3 × 3 matrix Q in the local frame. Note that det Q has units
of a flow rate, volume over time, [L3 /T ], while det Q2x2 has
units of area, [L2 ]. Note also that the rotation to the local
Cartesian frame does not affect det Q. It is further important to note that the units of the ray Jacobian depend on the
flow parameter used in its computation. In this study, we use
the arclength s as the flow parameter, and the ray Jacobian
J ≡ J (s) = J (τ ) /vray has units of area, [L2 ]. Hence, in order to
identify and characterize possible caustics, it is sufficient to
analyse Q2x2 . If only its determinant vanishes (a single zero
eigenvalue), we deal with a first-order (line) caustic, leading
to an additional phase shift of π /2. If both the determinant
and the trace of the matrix vanish (both eigenvalues are zero),
this is a second-order (point) caustic, leading to a phase shift
of π . The cumulative number of π /2 phase shifts, κJ , along the
ray is the KMAH index. The complex-valued amplitude of the
ray (e.g. the complex-valued particle displacement) is related
to the square root of the (positive or negative) real-valued ray
Jacobian which can be presented as a multiplication of its realvalued amplitude (magnitude) and phase, where the latter is
defined by the KMAH index:


 

i π κJ
.
(3)
J = J exp −
2
The minus sign of the phase shift, due to caustic, is chosen
in order to keep the sign convention of the analytical signal (a
complex-valued function with no negative frequency components):
F(t ) = f (t ) + i HT [ f (t )],

(4)

where f (t ) is the source signal and HT is its Hilbert transform
(e.g. Červený, 2000; Schleicher et al., 2007). For isotropic media and for compressional waves in anisotropic media, the occurrence of each caustic increases the KMAH index by 1 or 2,
depending on the caustic order. For shear waves in anisotropic
media, the change of the KMAH index at a caustic can also accept negative values −1 and −2, since the slowness surface for
these waves is not necessarily convex (Bakker, 1998; Červený,
2000; Klimeš, 2010, 2014).
In our study, we work with both local (tilted) Cartesian
coordinates closely related to the RCC, where the flow parameter is oriented in the direction of the ray (i.e. the ray velocity direction), and with the global Cartesian frame. The local

Cartesian coordinate systems can also be defined for a flow
parameter oriented in the direction of the slowness vector, to
be related to the wavefront orthonormal coordinates (WOC;
Červený, 2000).
We note that in this work we do not deal with asymptotic high-frequency methods, such as the Gaussian beam
or Maslov, primarily designed to overcome the (singularity) problems of the standard ray theory in the computation
of dynamic properties across caustics. Indeed, the Gaussianbeam summation method (Červený et al., 1982; Popov, 1982;
Červený, 1985; Nowack, 2003, among others), where the
beam packets are expressed in terms of complex-valued vector
amplitudes and complex-valued traveltime (phase), has been
widely used in the seismic method. However, at this stage, this
method is beyond the scope of our study.

P R O P E RT I E S O F T H E
A R C L E N G T H - R E L AT E D L AG R A N G I A N
Following the theory presented in Koren and Ravve (2021),
the traveltime stationary condition for a ray path between two
endpoints, S and R, is given by
 R
t=
L [x (s) , r (s)] ds → stationary, r = ẋ = dx/ds,
S

r · r = 1,

(5)

where the flow parameter is the arclength s and the integrand
(Lagrangian) L is formulated as
√
√
dt
r·r
r·r

=
=
.
(6)
L (x, r) =
ds
vray (x, r)
vray C̃(x), r
Here, vray is the ray (group) velocity, and C̃(x) is the densitynormalized stiffness tensor. The invariance of the traveltime
integral in equation (5), under a change of the flow parameter
s, means that the Lagrangian L (equation (6)) complies with
the first-order homogeneity assumption
L x, k r = k L (x, r) ,

(7)

with respect to (wrt) the ray direction r (Bliss, 1916), where k
is any positive number. Note that other flow parameters, like
the current time τ or parameter σ , can be used as well. Several
important properties of a parametric function follow from this
linear homogeneity. In particular, due to Euler’s theorem (e.g.
Buchanan and Yoon, 1999),
Lr · r = L

−1
indeed, Lr · r = p · r = vray
=L ,

(8)

and Lr (s) ≡ ∂L
are, respectively,
where vectors Lx (s) ≡ ∂L
∂x
∂r
the spatial and directional gradients of the Lagrangian. They
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are derived as explicit functions of the ray velocity, vray , and
its spatial and directional gradients, ∇x vray and ∇r vray (Ravve
and Koren, 2019). Further derivatives of equation (8) wrt the
location x and direction r provide the following interesting
relations (Bliss, 1916):
Lxr · r = r · Lrx = Lx

(9)

and
Lrr · r = 0.

(10)

Equation (10) is also an evidence that the ray direction r is
an eigenvector of the positive semidefinite matrix Lrr , and the
corresponding eigenvalue is zero. According to variational calculus (e.g. Gelfand and Fomin, 2000), the positive semidefinite
matrix Lrr is a local criterion of the necessary (but not sufficient) conditions for a minimum. The sufficient conditions for
a minimum include local and global counterparts. The local
sufficient condition requires for Lrr to be a positive definite
matrix (which is not the case). The global sufficient condition
for a minimum is the absence of caustics. This global condition
is also a necessary one.
However, practically, the global criterion of both necessary and sufficient conditions for a minimum traveltime is
the absence of caustics, which can be established by solving the following proposed Jacobi dynamic ray tracing equation. A comprehensive discussion on these necessary and sufficient conditions is provided by Ravve and Koren (2020b,
Appendix B).

T H E P R O P O S E D J AC O B I DY N A M I C R AY
T R AC I N G E Q UAT I O N S E T
Given a stationary ray path (referred as a central ray) x(s),
with proper initial conditions of its corresponding ray tube
(described in the next section), the proposed Jacobi dynamic
ray tracing (DRT) equation enables to characterize the geometry of the ray tube around the central ray, in particular,
the shift (displacement) vector, u(s) ≡ δx(s), of a paraxial ray,
xprx (s) = x(s) + u(s). At each point along the arclength s of the
central ray, the shift u(s) belongs to a plane normal to the central ray direction, r(s). A scheme of a ray tube for point–source
paraxial rays is presented in Figure 1. For point–source initial
conditions, a set of two normal shift vectors, u1 (s) and u2 (s),
is required to further compute the ray Jacobian J(s) in order
to establish the geometric spreading LGS (s) along the ray path,
to identify possible caustic locations and to classify the caustic
type (order): first order (line) and second order (point), i.e. to
compute the KMAH index κJ (s).

Figure 1 Scheme of the ray tube for point–source paraxial rays: r(s) –
central ray direction; u1 (s), u2 (s) – paraxial shift vectors, normal to
r(s); θu (s) – angle between these vectors; s – arclength of the central
ray (red line). At the source point, the normal shifts u1 and u2 vanish.
In the proximity of the source point, these vectors are infinitesimal
and normal to each other. At the line caustic, the normal shift vectors
may become collinear. The shaded area of the parallelogram is equal
to the ray Jacobian (up to the sign) and belongs to the plane normal
to the central ray.

Recall that in Koren and Ravve (2021) (equation (8))
we obtained the kinematic ray tracing equation by applying
the Euler–Lagrange equation, dLr /ds = Lx , to the Lagrangian,
L(x, r) (traveltime integrand), which is the condition of the
vanishing first traveltime variation. In this study, we further
follow Bliss (1916) and apply the Euler–Lagrange equation to
the second traveltime variation. This leads to the vector-form,
linear, second-order, Jacobi DRT equation:
d
(Lrx · u + Lrr · u̇) = Lxx · u + Lxr · u̇,
ds

(11)

where (as already mentioned) vector u(s) ≡ δx(s) is a vector
solution of this set, representing a normal shift between a
paraxial ray xprx (s) and the central ray x(s), and u̇(s) = δr(s)
is the corresponding direction change. The detailed derivation
of the Jacobi DRT is provided by Ravve and Koren (2020b,
Appendix C). Normal shift means that vector u belongs to the
plane normal to the ray direction r,
u·r=0

and

d
(u · r) = u̇ · r + u · ṙ = 0.
ds

(12)

In the next section, we show that, depending on the initial conditions, the normal shift u for a general paraxial ray
consists of a linear combination of (up to four) basic normal
shift solutions ui that differ by their initial conditions.
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Following the nature of the linear Jacobi DRT ordinary
differential equation (ODE), the paraxial shifts, ui , in the Lagrangian formulation, are assumed orthogonal to the ray direction. Consider there is a solution normal to the ray at each
point of the central ray path (call it u), and another solution tangent to the ray (call it ρt r, where ρt is a scalar function of the arclength, and subscript t means tangent), then a
combination u + ρt r is also a solution. However, as shown
by Bliss (1916), the three Cartesian components of the Jacobi vector-form ODE are not independent, and this leads to
a very special result: any arbitrary tangent vector ρt (s)r is a
solution of the Jacobi ODE, and hence we choose to set the
tangent shift to zero. In the Hamiltonian DRT formulation,
both the normal shift, u, and the tangent shift, ρt r, are well
defined; however, as we show later in Section ‘Lagrangian
versus Hamiltonian Approach’, the tangent shifts do not affect the ray Jacobian and the geometric spreading. This is
an advantage of the Lagrangian approach: no need to track
the tangent components of paraxial shifts. The properties of
the Jacobi ODE are explained in detail by Ravve and Koren
(2020b).
Note that the Jacobi DRT equation (equation (11)) includes a second derivative of the normal shift with respect to
2
(wrt) the arclength, dds2u = ü(s) = ddsu̇ . This second derivative is
eliminated in this work using the weak formulation followed
by the finite-element approach.
The Jacobi DRT equation is a linear ODE with varying
coefficients and includes four arclength-dependent, secondorder tensors, representing the second derivatives of the Lagrangian L(s) = dt/ds, wrt the Cartesian components of the
ray location and direction: Lxx (s), Lrr (s), Lxr (s), Lrx (s) (i.e. a
spatial, a directional and two mutually transposed mixed tensors). These tensors have been derived and listed in equation
(18) of Koren and Ravve (2021).

INITIAL CONDITIONS FOR A GENERAL
PA R A X I A L R AY
Different initial conditions (IC) or boundary conditions (BC)
(or even mixed conditions) can be set, in order to solve the
proposed Jacobi dynamic ray tracing (DRT) equation (11) and
define paraxial rays. In this section, we focus on the initial
conditions.
The vector-form Jacobi DRT equation (11) is actually a
set of three linear second-order scalar equations. Generally,
in similar ordinary differential equation cases, each Cartesian component of the unknown vector requires two initial

conditions (e.g. values of the component and its derivative).
However, due to the first-degree homogeneity of the parametric Lagrangian L(s) with respect to the ray direction r, only
two (of the three) scalar second-order equations are independent. Therefore, the most general normal shift vector (defining a paraxial ray) that represents a fundamental solution u
of the Jacobi DRT equation includes only four independent
basic solutions ui (s), i = 1, . . . , 4, corresponding to the four
different IC ui (S), i = 1, . . . , 4 (where S indicates the source
location, s = 0), and ray coordinates (RC), γ j , j = 1, . . . , 4.
The Jacobi DRT equation is linear, and, therefore, its fundamental solution u is a linear combination of the four basic solutions ui , where the scalar RC γi are the corresponding
weights,
u=

4


γi ui .

(13)

i=1

Equation (13) can be considered a preliminary definition
of the RC; the exact definition, given in equation (18), requires
first establishing the basic solutions ui (which, in turn, are defined by their initial conditions).
In this study, γ1 and γ2 represent point–source RC associated with the corresponding basic solutions u1 (s) and u2 (s),
and γ3 and γ4 represent plane-wave RC associated with the
corresponding basic solutions u3 (s) and u4 (s). The general
paraxial ray can be written as a linear combination of these
two pairs of basic solutions. The basic solution vectors are normal to the direction of the central ray along the whole path;
they represent the normal shifts between the paraxial ray and
the central ray versus the arclength of the central ray. Furthermore, a specific paraxial ray can be defined by arbitrary valid
IC or BC, that do not coincide with the IC of any basic solution. Such a ray can be still presented as a linear combination
of the basic solutions, with the four RC γi established from the
IC/BC of the given paraxial ray.
Note that in this study, we work with the Cartesian components of the normal shifts ui . However, since this vector is in
the plane normal to the ray, it can be rotated to a local Cartesian frame, xloc
3 = r, where it can be defined by two components only, in the plane normal to the ray (similar in a sense to
the RCC). A detailed derivation of both the point–source and
the plane-wave initial conditions is given by Ravve and Koren
(2020b, Appendix D), where the cases of simple and double
eigenvalues of the directional Hessian of the Lagrangian, Lrr ,
are considered. In the two sections below we present and explain the resulting relationships.
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INITIAL CONDITIONS FOR A
P O I N T – S O U R C E PA R A X I A L R AY
In this study, we are primarily interested in the computation of geometric spreading and identification of caustics
along the ray (the amplitude and phase shifts of the asymptotic Green function). For this, only the two basic solutions,
u1 and u2 , and their corresponding ray coordinate (RC) coefficients γ1 and γ2 , related to point–source paraxial rays, should
be studied. At the start point S, u1,S ≡ u1 (S) and u2,S ≡ u2 (S)
vanish. The initial conditions (IC) for the point–source basic
solutions can be summarized as
Lrr,S u̇1,S = λ1,S u̇1,S , Lrr,S u̇2,S = λ2,S u̇2,S ,
Lrr,S rS = 0,
(14)
u1,S = 0,
u2,S = 0,
u̇1,S × u̇2,S · rS = 1.
Obviously, the normal vector shifts at the source,
u1,S and u2,S , vanish; their arclength derivatives, u̇1,S and u̇2,S ,
are chosen to be the eigenvectors of matrix Lrr,S . For
anisotropic media, these eigenvectors correspond to the distinct nonzero eigenvalues λ1,S and λ2,S , normalized to the unit
length, |u̇1,S |=|u̇2,S | = 1.
In isotropic media, the two nonzero (positive) eigenvalues
λ1,S and λ2,S coincide, and the two eigenvectors are not fully
defined; we only know that u̇1,S and u̇2,S are both normal to
the ray direction rS (which follows from equation (12) when
we set ui,S = 0) and to each other. In order to fully define these
vectors, we set u̇1,S to be in the plane of the central ray path
and u̇2,S in its normal plane.
Hence, the general point–source paraxial ray
xprx (γ1 , γ2 , s) represents a linear combination of the central ray x(s) and the two basic solutions, u1 (s) and u2 (s),
xprx (γ1 , γ2 , s) = x (s) + γ1 u1 (s) + γ2 u2 (s),

ray direction as the ray direction of the central ray at S. This
definition naturally follows from the defined degrees of freedom (DoF) of the Jacobi kinematic ray tracing and dynamic
ray tracing equations; these DoF consist of the ray locations
and ray directions.
The plane-wave ray coordinates (RC) γ3 and γ4 are
defined as the coefficients of the basic normal shifts
u3 (s) and u4 (s) constituting the fundamental plane-wave solution. At the source, the paraxial ray xprx, S is collinear with the
central ray xS . The basic solutions at the source, u3,S and u4,S ,
are normal to the central ray and to each other, and are normalized to the unit length. The details for construction of the
plane-wave paraxial rays’ initial conditions (IC) are given by
Ravve and Koren (2020b, Appendix D). We assign the normalized eigenvectors of matrix Lrr,S as the start-point normal
shifts u3,S and u4,S ,
Lrr,S rS = 0,
Lrr,S u3,S = λ1,S u3,S , Lrr,S u4,S = λ2,S u4,S ,
u̇3,S = −(ṙS · u3,S )rS , u̇4,S = −(ṙS · u4,S )rS , u3,S × u4,S · rS = 1.
(16)
Similar to the point–source paraxial ray, the case of the
multiple (double) nonzero eigenvalues, λ1,S = λ2,S , requires
a special treatment. The general plane-wave paraxial ray
y(γ1 , γ2 , s) represents a linear combination of the central ray
x(s) and the two basic solutions, u3 (s) and u4 (s),
xprx (γ3 , γ4 , s) = x (s) + γ3 u3 (s) + γ4 u4 (s) ,

(17)

where γ3 and γ4 are the (infinitesimal) plane-wave RC and
γ32 + γ42 = 0. The initial conditions for a plane-wave paraxial ray are illustrated in Figure 3.

(15)

where γ1 and γ2 are the (infinitesimal) point–source RCs, defined as the coefficients of the basic normal shift vector solutions u1 and u2 that constitute the fundamental point–source
solution. The RC, γ1 and γ2 , do not vanish simultaneously,
γ12 + γ22 = 0. The initial conditions for a point–source paraxial ray are illustrated in Figure 2.

A G E N E R A L PA R A X I A L R AY
To obtain a general paraxial ray, one can combine solutions
of equations (15) and (17), yielding the fundamental solution
of the Jacobi dynamic ray tracing (DRT) equation,
xprx (γ1 , γ2 , γ3 , γ4 , s)



paraxial ray

I N I T I A L C O N D I T I O N S F O R A P L A N E - WAV E
PA R A X I A L R AY
Disclaimer: A plane-wave paraxial ray is normally defined by
its slowness vector, which is collinear to the slowness vector
of the central ray at the start point S. This is not the case in
our study, where the plane-wave paraxial rays share the same

= x (s) + γ1 u1 (s) +γ2 u2 (s) + γ3 u3 (s) + γ4 u4 (s) .



 


central ray

point source

(18)

plane wave

The four basic solutions, ui , i = 1, . . . 4, are defined by
their corresponding initial conditions. Thus, the four ray
coordinates (RC), γi , i = 1, . . . , 4, are also fully defined for
any paraxial ray. Note that equations (13) and (18) are valid
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Figure 2 Initial conditions for the point–source basic solutions. (a) Anisotropic medium: two different positive
eigenvalues of matrix Lrr , and the zero eigenvalue corresponding to eigenvector r. (b) Isotropic medium: two
identical positive eigenvalues and the zero eigenvalue,
with locally curved ray trajectory in the proximity of the
source. Tangent, normal and bi-normal of the ray trajectory. (c) Isotropic medium: two identical positive eigenvalues and the zero eigenvalue, with locally straight ray
trajectory in the proximity of the source. The ray direction vector and the ‘ghost curvature’ vector share the
same azimuth: ψS = ψS̃ . Angles θS and θS̃ = θS + π /2 are
zenith angles of the ray direction and the ‘ghost curvature’, respectively (assuming θS < π /2). The red arrow is
the ray direction, the blue arrow is its projection on the
horizontal plane x1 x2 , and the green arrow is the ‘ghost
curvature’. These three arrows share the same vertical
plane of azimuth ψS .

(a)

(b)

(c)

for any point along the arclength of the central ray. Equation
(13) can be considered the definition of the RC, γi . The RC
are the coefficients of the linear function relating the basic
solutions to the fundamental solution.
The Jacobi DRT equation allows the application of alternative initial conditions (IC) or boundary conditions (BC) that
do not coincide with the IC of any basic solution, as well as
mixed IC or BC (involving both the function and its derivative
in a single condition) when, for example, the ratio between the
function and its derivative is specified. However, this does not
lead to new solutions, as any paraxial ray can be presented
by the fundamental solution of equation (18). Such ray can be
still presented as a linear combination of the basic solutions,
with the four RC γi established from the IC/BC of the given
paraxial ray.

R AY J AC O B I A N , G E O M E T R I C S P R E A D I N G
A N D CA U S T I C C R I T E R I A
The geometric spreading LGS is directly related to the ray Jacobian. It has units [L2 /T ], where L stands for distance and
T for time. The units of the ray Jacobian, however, depend on
the parameters used in its computation. In this study, the flow
parameter is the arclength and the ray Jacobian J ≡ J (s) has
units of area, [L2 ]. In cases where the flow parameter is the
traveltime, the relation between the Jacobians is J (τ ) = J vray
(e.g. Červený, 2000). Both Jacobians represent the flow rate,
where J (τ ) is a volume per unit time, while J is a volume per
unit length. In cases where the flow parameter is σ , defined as

σ =
S



R
2
vray
(τ ) dτ =

R

vray (s) ds,

(19)

S
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(a)

(b)

(c)

Figure 3 Initial conditions for the plane-wave basic solutions. (a) Anisotropic medium: two different positive eigenvalues of matrix Lrr , and the
zero eigenvalue corresponding to eigenvector r. (b) Isotropic medium: two identical positive eigenvalues and the zero eigenvalue, with locally
curved ray trajectory in the proximity of the source. (c) Isotropic medium: two identical positive eigenvalues and the zero eigenvalue, with locally
straight ray trajectory in the proximity of the source. The red arrow is the ray direction, the blue arrow is its projection on the horizontal plane
x1 x2 , and the green arrow is the ‘ghost curvature’. These three arrows share the same vertical plane of azimuth ψS . The shifts at the start point,
ui,S , i = 3, 4, are normal to the ray and to each other, while their arclength derivatives, u̇i,S , are collinear to the ray direction and proportional
to the local curvature of the central ray at the start point. For a locally straight central ray, these derivatives vanish.
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the relation is J (σ ) = J/vray . Unlike geometric spreading, which
is a physical reciprocal characteristic of the ray, the value of
the Jacobian depends on the ‘direction’ of the dynamic ray
tracing (DRT) computation (from endpoint S to endpoint R,
with the point–source initial conditions at S or vice versa, with
the initial conditions at R).

Ray Jacobian
As mentioned, the ray Jacobian can be viewed as the determinant of the transform matrix Q between the Cartesian coordinates and the ray coordinates (RC), for a point–source paraxial ray, xprx (γ1 , γ2 , s), computed at a point of the central ray,
γ1 = γ2 = 0. This leads to
J (s) = u1 (s) × u2 (s) · r (s).

(20)

The Jacobian represents a signed cross-area of the ray
tube per unit RC, and the vanishing Jacobian is an evidence
of the intersection of a paraxial ray xprx (s) with the central
ray x(s), which, in turn, means a caustic.

Geometric spreading
Geometric spreading can be computed as suggested, for example, by Červený (2000, equation 4.14.46). In our notations,
this relationship looks like


vray (s) 
LGS (s) = vJ,S
J (s),
(21)
vphs (s)
where vphs (s) and vray (s) are the phase and ray velocities, respectively, at any current point along the arclength s of the ray
path. Parameter vJ,S in equation (21) is considered a ‘conversion velocity’ factor that depends only on the point–source initial conditions; its complete derivation is provided by Ravve
and Koren (2020b, Appendix F). Note that in our notation,
any parameter indicated with a subscript uppercase S refers
to the point source, and lowercase s to the arclength.
For isotropic media, with the RC type chosen in this study,
this factor simplifies to vJ,S = vS , where vS is the medium velocity at the source:


J (s).
Liso
(22)
=
v
(s)
S
GS
For a general anisotropic case, we obtain the following
expression for vJ,S :
vJ,S = 

1
λ1,S λ2,S



vray,S
,
vphs,S

(23)

where λ1,S and λ2,S (see equation (14)) are the nonzero eigenvalues of matrix Lrr,S (normally positive), and vphs,S and vray,S
are the phase and ray velocities, respectively, at the source. Using equation (23), we assume that the initial conditions of the
Jacobi DRT equation for the two RC, u̇1,S and u̇2,S , are the
(normalized) eigenvectors of matrix Lrr,S , normal to the ray
and to each other, corresponding to its nonzero eigenvalues.
The third eigenvalue of matrix Lrr is zero, and the corresponding eigenvector is the ray direction r. The eigenvalues have the
units of slowness. In an isotropic case, λ1,S = λ2,S = vS−1 , where
vS is the medium velocity at the source. The initial conditions
represent the derivatives of the normal paraxial shifts with respect to (wrt) the arclength of the central ray at the source.
Note that vJ,S is not a physical velocity, but an appropriate
conversion coefficient with the units of velocity. Combining
equations (21) and (23), we obtain the relationship between
the geometric spreading and the ray Jacobian:

LGS (s) =



vray,S vray (s) J (s)
.
vphs,S vphs (s) λ1,S λ2,S

(24)

We re-emphasize that the ray Jacobian depends on the
chosen RC, while the geometric spreading does not – it is a
fundamental physical parameter of the wave/ray propagation.
Note that the simple form of equation (23) is valid only for
the RC type proposed in this paper (see equation (18)). The
general form is given by Červený (2000, equation 4.14.46)
and includes the determinant of the matrix whose columns
are the slowness vector derivatives wrt the RC. The matrix is
computed at the source, in the wavefront orthonormal coordinates (WOC) reference frame, and then reduced from dimension 3 × 3 to 2 × 2 by removing the row and column related
to the slowness direction.

Caustic criteria
Next, we derive the caustic criteria, where the ray paths of
the point–source paraxial rays defined by the linear combination, xprx (γ1 , γ2 , s) = x(s) + γ1 u1 (s) + γ2 u2 (s), can intersect
the central ray. The RC γ1 and γ2 do not vanish simultaneously, i.e. for the point–source paraxial ray, γ12 + γ22 = 0. This
means that in the case of a caustic, either u1 or u2 , or both vanish, or u1 and u2 become collinear. The ray Jacobian J vanishes
in either of these cases. The caustics differ by their order. The
case when both basic solutions vanish simultaneously is the
second-order (point) caustic, while all other cases are related
to the first-order (line) caustic.
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The criterion for the second-order (point) caustic is defined by
cP = u1 · u1 + u2 · u2 =

u21

+

u22

= 0,

(25)

where u1 and u2 are the absolute values of vectors u1 and u2 ,
which means that each normal solution vanishes separately.
If one basic solution vanishes and the other does not,
the direction of the line for the first-order caustic coincides
with the non-vanishing solution. If the two solutions become
collinear, the direction of the (line) caustic coincides with both
of them. The direction of the (line) caustic rL is normal to
the ray and to a vector wo , which is the eigenvector corresponding to the zero eigenvalue of the 3 × 3 transposed matrix QT = [ u1 u2 r ]T . The eigenvector wo is normal to the ray
and hence
rL = wo × r, wo · r = 0.

(26)

NORMALIZED GEOMETRIC SPREADING
The geometric spreading LGS can be normalized by the parameter σ (equation (19)). For isotropic models with a constant, not necessarily vertical, velocity gradient, LGS = σ . We
define the ratio LGS /σ as the normalized geometric spreading; it provides a certain level of ‘feeling’ (intuition) about
the effect of the anisotropy and the change of the velocity
gradient on the actual value of the geometric spreading. In
some seismic modelling/imaging applications, parameter σ is
used to approximate the actual geometric spreading, LGS ≈ σ ,
but we explicitly show in our numerical examples that even
for simple 1D models, with a monotonously (but nonuniformly) increasing velocity with depth, the error of such a
substitution may be significant, and for more complex models this approximation is wrong. Parameter σ can only increase along the ray, while the geometric spreading may increase and decrease, and it vanishes at caustic points. At the
source point, for isotropic media, LGS /σ = 1; along the ray,
this ratio may be below or above 1. For anisotropic media,
this ratio differs from 1 even at the source point. At the start
point of the point–source paraxial ray, both the geometric
spreading and parameter σ vanish, but their ratio has a finite
limit:


LGS
1

=
,
(27)
σ S
vphs,S λ1,S λ2,S
where λ1,S and λ2,S are the nonzero eigenvalues of the Lagrangian’s Hessian at the source, Lrr,S . The slope of the relative

geometric spreading at the source point is given by


vJ,S
d LGS
=− √
ds σ S
4 vphs,S vray,S


v̇phs,S
× 2
− (ü1,S × u̇2,S + u̇1,S × ü2,S ) · rS .
vphs,S

(28)

Equations (27) and (28) have been derived by Ravve and
Koren (2020b, Appendix G).

R AY PAT H C O M P L E X I T Y C R I T E R I O N
In order to estimate the reliability/plausibility of the ray path
obtained with the Eigenray kinematic ray tracing, we introduce a (weighted) propagation complexity criterion, similar
to the endpoint complexity criterion introduced in equation
(43) of Koren and Ravve (2021), but now accounting for the
normalized relative geometric spreading along the whole ray
rather than at the destination point only,

cr =

1
smax


S

R



2

LGS (s)
−1
σ (s)

ds,

(29)

where smax is the full arclength of the ray path. For an isotropic
medium with a constant velocity gradient, the relative geometric spreading and parameter sigma, defined in equation (19),
coincide: LGS = σ , and the propagation complexity cr vanishes. Other cases indicate higher complexity of the wave/ray
phenomenon and lead to positive cr . In cases of multi-arrival
stationary solutions, this ray path complexity criterion can be
used, for example, as a criterion for accepting/rejecting a given
solution. It is reasonable to consider ‘simpler’ paths as more
plausible/reliable. Furthermore, in the applications of seismic
modelling and imaging, this type of criterion can be used as
a weighting factor applied to modelled/imaged seismic events
associated with each ray.

L AG R A N G I A N V E R S U S H A M I LT O N I A N
A P P R OAC H
Rather than the Lagrangian approach, the dynamic characteristics are traditionally computed with the Hamiltonian approach, formulated normally in terms of two first-order differential equations, where the solution variables are the paraxial
shifts and paraxial slowness changes along the ray.
Assume vector pprx (γ , s) is the slowness of a paraxial ray,
xprx (γ , s) is the paraxial ray path, and γ is an arbitrary (one of
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the four for a general paraxial ray) ray coordinate (RC). The
paraxial ray path may be presented, for example, as
xprx (γ , s) = x (s) + γ w (s) ,

(30)

where x(s) is the central ray position, and w is the paraxial
shift. For simplicity, we omit the index of γ here. The three
other RC are assumed fixed.
The Hamiltonian dynamic ray tracing (DRT) set is usually formulated as a system of two first-order ordinary differential equations (e.g. Červený, 2000, equation 4.2.4), involving (using our notation) the following two vectors: the paraxial Hamiltonian shift, w, and the paraxial slowness variation,
pprx,γ ,
ẇ = Hpx w + Hpp pprx,γ , ṗprx,γ = −Hxx w − Hxp pprx,γ ,

(31)

where, in our case, H is the arclength-related Hamiltonian,
introduced in equations (10) and (12) of Koren and Ravve
(2021), and the Hamiltonian-based paraxial shifts and the
slowness variations are defined by
wi = ∂xH
prx /∂γi , pprx,γ = ∂pprx /∂γi.

(32)

Both approaches, Hamiltonian and Lagrangian, lead to
identical results. A detailed comparison of the two DRT approaches is given in Ravve and Koren (2020c), including
the proof that up to the above-mentioned tangent component of the solution, the differential equations are equivalent.
For this, the authors eliminate the paraxial slowness variation pprx,γ and obtain a single second-order Hamiltonianbased vector DRT equation (instead of two first-order equations) with respect to paraxial shift w only. It has the same
normal shift solution as the Lagrangian-based vector Jacobi
DRT.
The two approaches are equivalent, and the following relationships hold between the Hessians of the arclength-related
Lagrangian and its matching Hamiltonian:
−1
−1
−1
Lrr = Hpp
− λr r ⊗ r = T Hpp
, Lrx = −Hpp
Hpx ,
−1
−1
Lxx = Hxp Hpp
Hpx − Hxx , Lxr = −Hxp Hpp
,

(37)

where the transform matrix, T = I − r ⊗ r. The inverse relationships are obvious, provided the eigenvalue λr has been
computed:

The superscript H emphasizes that the paraxial ray location xH
prx has been obtained with the Hamiltonian approach;
it differs from the Lagrangian xprx , but, as explained below,
this difference is inessential. A general form of the constraint,
accompanying the DRT equation set (31), reads

−1
Hpp
= Lrr + λr r ⊗ r, Hpx = −Hpp Lrx ,
−1
Hxx = Hxp Hpp
Hpx − Lxx , Hxp = −Lxr Hpp .

dH
= Hx w + Hp pprx,γ = 0.
dγ

−1
Lr = p,Lx = −Hx = ṗ, Lr · r = L = p · r = vray
,
(39)
Lx = Lxr r,Hp = ẋ = r, and L (x, r) = p · r − H (x, p) .

(33)

The fundamental solutions for the paraxial shifts are
linear combinations of the four basic solutions in both,
Lagrangian-based and Hamiltonian-based, approaches,
xprx =

4

i=1

γi ui , xH
prx =

4


γi wi ,

(34)

i=1

where the RC, γi , i = 1, 2 . . . 4, for the Lagrangian-based and
Hamiltonian-based descriptions of the paraxial rays are identical. The Lagrangian shift ui represents the ray-normal vector,
while the Hamiltonian shift wi consists of both ray-tangent
and ray-normal components,
w (s) = u (s) + ρt (s) r (s) ,

(35)

where ρt (s) is a scalar function. The Lagrangian and Hamiltonian solutions, u and w, respectively, differ only by this
inessential tangent counterpart, ρt r, which has no effect on
the ray Jacobian (and, thus, neither on the relative geometric
spreading),
w1 ×w2 · r = (u1 + ρt,1 r)×(u2 + ρt,2 r) · r = u1 ×u2 · r = J.
(36)

(38)

Recall also that the first derivatives of the Lagrangian and
the Hamiltonian read

Both the Lagrangian L(x, r) and the Hamiltonian H(x, p)
have the units of slowness. Ravve and Koren (2020b, Appendices H and I) demonstrate the equivalence of the Lagrangian
and Hamiltonian approaches to the DRT, and derive the relationships between the Hessian matrices of the Lagrangian and
Hamiltonian (equations (37) and (38)).

F I N I T E - E L E M E N T S O LV E R F O R J AC O B I
DY N A M I C R AY T R AC I N G S E T
In this section, we derive the weak formulation and apply the
Galerkin (1915) method for the Jacobi dynamic ray tracing
(DRT) equation, and we obtain the linear algebraic finiteelement DRT solver. In order to eliminate the second derivative, we apply the weak formulation to the Jacobi equation,
locally, for each finite element. In the weak formulation, the
differential equation does not need to hold absolutely. This
means multiplying the vector-form ordinary differential equation (ODE) (equation (11)) by a set of scalar weight functions
(one function at a time), and integrate over the finite-element
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arclength:
 ξ =+1
dw
dξ
(Lrx · u + Lrr · u̇)
dξ
ξ =−1
 ξ =+1
ds
dξ
+
(Lxx · u + Lxr · u̇) w
dξ
ξ =−1
= (Lrx · u + Lrr · u̇) w|ξξ =+1
=−1 ,

(40)

where −1 ≤ ξ ≤ +1 is the internal flow parameter within a
single finite element. The arclength of the central ray is related
to the internal flow parameter by means of the metric, ds/dξ .
The nodal values of the solution and its derivative are so far
unknown, and Hermite interpolation is applied between the
nodes. In the Galerkin (1915) method, the weights w(ξ ) are
the same as the interpolation functions. The integration by
parts reduces the order of the derivatives (and, thus, relaxes
the continuity requirements) and yields the boundary terms on
the right side of equation (40). These boundary terms at the
end nodes of the joined elements cancel each other at the assembly, due to their equal values of opposite signs. Eventually,
only the boundary terms of the source and receiver remain;
these terms correspond to the (arbitrary) initial or boundary
conditions of a paraxial ray at the endpoints of the path.
Note that inside each element, the shift function u(ξ ) is
approximated through the nodal values of u and u̇ and the
Hermite polynomials, and its arclength derivative u̇(ξ ) is approximated through these nodal values and the derivatives of
the Hermite polynomials. The Hermite polynomials are such
(see Figs 4 and 6 of Koren and Ravve, 2021) that if at the
end of a finite element some interpolation function is nonzero
(which means 1), then its derivative at this end of the element
is zero, and vice versa is also true. If the derivative of the Hermite polynomial at the end is nonzero (which means 1), then
that polynomial itself is zero. This property leads to u̇ w = 0 at
both ends of each finite element, including the source and receiver points, which simplifies the right-hand side of equation
(40),
(41)

Figure 4 Examples 1a and 2: Rays in a constant velocity gradient
model and a conic velocity model. (a) Circular ray path in medium
with a constant velocity gradient (linear velocity model, solid line)
and an elliptic ray path in medium with a conic velocity model (dashed
line), (b) geometric spreading versus arclength and (c) normalized geometric spreading LGS /σ . Different segment colours correspond to
eight finite elements.

As we see, the weak formulation of the Jacobi ODE is ideally suitable for the boundary conditions (BC; rather than for
the initial conditions – IC), where the paraxial normal shifts
are specified at both the source S and receiver R. Although
the BC at the source and receiver ends represent a feasible formulation of the problem, this is not our case. For both point–
source and plane-wave paraxial rays (in particular, for the basic solutions of the Jacobi DRT ODE), we suggest IC rather
than BC: vector u and its derivative u̇ with respect to (wrt) the

arclength of the central ray are specified at the source point,
and no data are specified at the receiver. To bypass the unknown shifts at the receiver, we manage the IC/BC in the following way. The unknown values of vector u at the receiver
point R are transferred to the left side of equation set (40).
Since the algebraic set is linear, this transfer results in a local
update of the resolving ‘stiffness matrix’. We then augment
the resolving algebraic set by three additional scalar equations specifying the known components of the derivative of the

(Lrx · u + Lrr · u̇) w|ξξ =+1
=−1 = Lrx · u w|R −Lrx · u w|S .
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solver, we obtain the nodal values of the normal shift u(s) and
its derivative u̇(s) wrt the arclength of the central ray for any
specified initial or boundary conditions. The Hermite interpolation provides the values of these functions along intervals between the nodes. A detailed description of the proposed finiteelement method can be found in Ravve and Koren (2020d).
N U M E R I CA L E X A M P L E S
The following numerical examples can be considered benchmark problems, where the objective is mainly to validate the
theory presented in this work. More realistic models with different anisotropic symmetries will be the target of our next
study. In this part of the study, we present five numerical
examples of the kinematics (stationary rays) and dynamics
(geometric spreading with caustic location and classification)
computed with the Eigenray method for a constant velocity
gradient model, a conic model and two caustic-generating
models. The last example presents a diving ray in an ellipsoidal anisotropic model with tilted reference velocity gradient. In the examples below, eight three-node finite elements
were used to present the ray path. Obviously, for real-field examples, the number of nodes is much higher.
Example 1: Geometric spreading for diving rays in media
with constant velocity gradients
Example 1a
Figure 5 Example 1b: Rays in a tilted constant velocity gradient
model: (a) circular ray path, (b) geometric spreading for forward and
reverse paths shown by solid and dashed lines, respectively, and (c)
normalized geometric spreading.

shift, u̇, at the source S. Summarizing the above, we state that
although the weak formulation yields its own BC which require the knowledge of the normal shifts at both endpoints of
the path, these BC can be replaced by the IC that we need: The
normal shift vector and its derivative specified at the source
point of the path. This is true for both point–source and planewave paraxial rays.
Assembling the element matrices into the global matrix
of the whole path and taking into account the constraints of
equation (12), we obtain the final linear finite-element solver
for the vector-form Jacobi DRT equation, with arbitrary initial or boundary conditions. As mentioned, in practice, we
need only to apply the constraints, and the initial (or boundary) conditions, at the other components of the resolving matrix, are already known from the kinematics. Applying the

A constant vertical velocity gradient model is defined by two
parameters: surface velocity va and vertical gradient k. We assume that h = 10 km, va = 2 km/s, k = 1 s−1 , where h is the
surface offset (the chord of the circular arc). We solve the problem for the stationary path with eight three-node elements
and obtain the nodal locations and orientations shown in Figure 4(a) (a solid line, where colours correspond to different
finite elements). The initial guess is the straight line on the surface, connecting the source and receiver. Applying the relationships derived by Ravve and Koren (2020d, Appendix B), we
obtain the theoretical values of the ray path parameters: takeoff angle, radius of trajectory, traveltime, geometric spreading
etc. The finite-element traveltime coincides with the theoretical value up to 11 digits. The geometric spreading LGS along
the stationary ray path and the normalized geometric spreading LGS /σ are plotted by solid lines in Figures 4(b, c), respectively. As we expected, LGS = σ for the constant velocity gradient model. We compute the condensed 6 × 6 source–receiver
Hessian ∇
SR ∇SR t and use its mixed 3 × 3 block highlighted to
compute the geometric spreading of the whole ray path. This
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Figure 6 Example 2: Conic velocity model: (a) velocity profile and (b) velocity gradient profile.

sub-matrix is applied to obtain geometric spreading for the
whole path (i.e. between source and receiver), and the result is
identical to the geometric spreading obtained with the Jacobi
dynamic ray tracing (DRT) solution at the receiver point R.
We apply the analytic solution to compute the theoretical values of the ray path parameters: take-off angle, radius of
trajectory, traveltime, geometric spreading etc. In this example, the accuracy of the geometric spreading obtained using
the finite-element method is excellent, although the accuracy
of the traveltime is better. This is not a surprise: The accuracies
of the second derivatives of a function are normally worse
than the accuracy of the function itself.

Example 1b
Next, we test equation (23) for the conversion velocity that
relates the ray Jacobian to the (relative) geometric spreading.
This equation includes the ray velocity at the source and does
not include it at the receiver (or at a current ray path point).
In this test, we consider a constant tilted gradient model
with the midpoint velocity va = 3 km/s, the gradient components k1 = 0.2 s−1 , k3 = 0.8 s−1 and the offset h = 10 km.
The source and receiver are located at x1 = ∓h/2, respectively, and the medium velocities at these points are different:
vS = 2 km/s , vR = 4 km/s. Applying the same finite-element
scheme as in the previous case, we compute the ray path (that
proves to be symmetric about the vertical midpoint line, despite the lateral gradient component) and its kinematic and
dynamic characteristics, with an excellent accuracy. Appendix
B of Ravve and Koren (2020d) makes it possible to establish
these parameters analytically. The traveltime proves to be accurate up to 11 digits. The ray path is presented in Figure 5(a),
while Figure 5(b) shows the geometric spreading along the ray

(a solid line). The normalized geometric spreading is identically 1 along the ray path, as shown in Figure 5(c). We then
swap the source and receiver and obtain the same results. The
geometric spreading versus the arclength along the ray path is,
of course, different, as shown by a dashed line in Figure 5(b),
but its values at the final point of the ray trajectory are identical for the forward and reverse paths, LGS = 50 km2 /s.
Example 2: Geometric spreading for a diving ray in a
medium with a conic velocity model
The conic velocity model (Ravve and Koren, 2007) is described by three parameters: surface velocity va , surface gradient ka and an additional asymptotic (bounding) velocity v∞ .
We assume the same data/model as in the previous example
for the constant vertical velocity gradient, h = 10 km, va =
2 km/s, ka = 1 s−1 , and the asymptotic velocity is set to v∞ =
6 km/s. The conic velocity profile and its gradient profile are
plotted in Figures 6(a, b), respectively. The diving rays in a
medium with a conic velocity model are explained by Ravve
and Koren (2020d, Appendix C). Applying this theory, we obtain the theoretical values for horizontal slowness ph , eccentricity m, take-off angle θa , parameter σ and the major and
minor semi-axes Ae , Be of the elliptic arc, respectively,
ph = 0.259195 s/km, m = 0.643016 ,
θa = 0.544967 rad , σ = 38.5810 km2 /s,
Ae = 5.51257 km , Be = 4.22182 km .

(42)

We apply the same finite-element scheme and initial guess
as in the previous example. The stationary ray path, the nonnormalized and the normalized geometric spreading are plotted by dashed lines in Figures 4(a–c), respectively. Again, the
finite-element traveltime coincides with the theoretical value
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up to 11 digits. The geometric spreading computed with the
mixed block of the endpoint traveltime Hessian is identical to
the Jacobi solution at the receiver.
Note that for the constant gradient model, velocity versus depth is higher, the maximum penetration zmax of the diving ray is deeper, the arclength is longer, and the traveltime is
shorter than those for the conic velocity model. As we see in
Figure 4(a), the maximum depth of the circular path (constant
gradient model) exceeds that of the elliptic (conic model). The
reason is that the velocities for the linear model are higher at
the same depths. For the same reason, the traveltime of the
circular path is shorter. Note that at the receiver point, the
normalized geometric spreading for the conic velocity model,
LGS /σ = 1.42580, which means that one should be careful
when using σ as an approximation for LGS even in simple velocity models.

Example 3: Geometric spreading for a diving ray in a simple
caustic-generating velocity model
Caustics may occur in layered media with discontinuous increase of the velocity gradient (e.g. Murphy, 1961; Bott, 1982;
Nye, 1985; Cygan, 2006; Aster, 2011, and many others). The
simplest presentation of such a medium is a constant velocity layer over a constant velocity gradient half-space. We assume the following parameters: the layer thickness, zh = 3 km,
its velocity, va = 1 km/s, and the half-space velocity gradient,
ko = 1 s−1 . The velocity is continuous at the interface, but the
gradient is not, and the second derivative of the velocity is
singular (representing a delta-function). To apply the Eigenray approach, we smooth the velocity profile along the vertical axis z and apply the following function for the vertical
velocity gradient:


dv
ko
z − zh
= k (z) =
1 + tanh
,
(43)
dz
2
zh
where z ≡ x3 , parameter zh is the constant velocity layer thickness, and the vertical width parameter zh = 0.1 km is responsible for the smoothness. The thickness of the gradient
transition zone is approximately 5zh . The velocity profile is
obtained by integrating the gradient in depth, with the initial
condition,
lim v (z) = va.

(44)

z→−∞

This leads to
v (z) = va +



z − zh
ko (z − zh ) ko zh
+
ln 2 cosh
.
2
2
zh

(45)

The second derivative of the velocity then reads
ko
dk (z)
d2 v (z)
−2 z − zh
=
=
cosh
.
dz2
dz
2zh
zh

(46)

The maximum value of the second derivative occurs at
the centreline of the transition zone, z = zh , and is equal to
ko /(2zh ). The velocity profile, velocity gradient and second
derivative of the velocity are shown in Figure 7. The kinematic characteristics of diving rays propagating in this velocity
model are explained by Ravve and Koren (2020d, Appendix
D), and dynamic characteristics (i.e. computation of the Jacobian for the transform between the Cartesian and ray coordinates) are provided in Appendix E of the cited work. In a
medium with this velocity model, a diving ray is possible only
for offsets exceeding a definite threshold minimum, hmin . For
any offset exceeding the minimum value, two diving rays coexist (multi-arrivals). The ray with a smaller take-off angle is
caustic-free, while the one with a larger take-off angle exerts a
caustic. For the minimum-offset ray, a single diving ray exists,
with a caustic located exactly at the destination point.
The rays in the simple caustic-generating model can be
classified into three types: (a) pre-critical caustic-free rays with
the take-off angle θa < θc , (b) a critical ray with θa = θc and
a caustic located exactly at the receiver and (c) post-critical
rays with θa > θc and a caustic located at an internal point of
the path. The critical angle θc in an unsmooth simple causticgenerating model is defined by the model parameters:

θc = arctan zv /zh.
(47)
The ray paths computed in the simple caustic-generating
medium are shown in Figures 8(a) (pre-critical take-off angle),
9a (post-critical angle) and 10a (critical angle). Eight threenode finite elements were used (17 nodes and 96 internal degrees of freedom – DoF), and the corresponding segments of
the paths are shown by different colours. For each case, the
grey dashed line shows an initial guess. For the pre-critical
and critical rays, the initial paths are elliptic arcs, given the offset, take-off angle and maximum depth. For the post-critical
ray, the initial path is a hyperbole, given the offset, maximum
depth and radius of curvature at the apex. As shown in Figures 8(a), 9(a) and 10(a), in all three cases the maximum depth
of the initial paths was deliberately overestimated. Applying
the theoretical solution (Ravve and Koren, 2020d, Appendix
D), we computed analytically the stationary path parameters.
The parameters computed numerically with the finite-element
method are very close to the analytical parameters, with minor
discrepancies caused by smoothing of the gradient discontinuity in the medium used for the numerical analysis.
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Figure 7 Example 3: Simple, smooth, caustic-generating model: (a) velocity profile, (b) velocity gradient and (c) second derivative of the velocity.

Figure 8 Example 3: Pre-critical ray in the simple, smooth, caustic-generating medium: (a) ray trajectory; dashed grey line is the initial guess;
(b) geometric spreading and (c) normalized geometric spreading.

It is interesting to note that while the stationary path of
the deep diving ray (caustic-free) and the trivial straight-line
path connecting the source and the receiver are true traveltime minima, the stationary path of the shallow ray (with the
caustic) represents a saddle point of the traveltime. The maximum penetration depth of the diving ray is one of its DoF.
A zero depth corresponds to a trivial solution – a straight line
between the source and receiver that delivers a minimum traveltime. The deep diving ray of the stationary penetration depth
delivers another minimum traveltime. A maximum inevitably
exists between these two minima, and parameter zmax corresponding to this maximum is the penetration depth of the ray
with the high take-off angle and the caustic (shallow diving
ray). This ray corresponds to a maximum for one DoF, and
minima for all other DoF; hence, its stationary state represents
a saddle point. See a discussion in Ravve and Koren (2020d,
Appendix F) for details.
When a ray path includes multiple DoF, it is unlikely to
obtain a path of a true traveltime maximum (where all eigenvalues of the traveltime Hessian are negative); such a maxi-

mum normally does not exist. However, a saddle point may
be the case where a ray path has a minimum time (or a minimum Hamilton action in particle mechanics) with respect to
(wrt) some nearby alternative curves and a maximum wrt others (e.g. Gray and Taylor, 2007). For the shallow diving ray
with a caustic, we checked the eigenvalues of the traveltime
Hessian matrix of the finite-element scheme for the stationary ray, subjected to kinematic boundary conditions, to make
sure that this is indeed a saddle point. One of the eigenvalues
proved to be negative, and the others are positive.
In some simple benchmark problems for bending reflection rays, with one or two internal DoF only, it is possible to obtain a traveltime maximum wrt these DoF, so
that all neighbour non-stationary trial ray paths will have
shorter traveltimes. This is, however, not the case for numerical solutions with multiple DoF: It is very unlikely that all
eigenvalues of the global traveltime Hessian matrix will be
negative.
To compute geometric spreading and to detect caustics,
we applied the proposed Jacobi finite-element solver for the
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Figure 9 Example 3: Post-critical ray in the simple, smooth, causticgenerating medium: (a) ray trajectory; dashed grey line is the initial
guess; (b) geometric spreading and (c) normalized geometric spreading.

three rays mentioned above (pre-critical, post-critical and critical), with offsets of h = 1.2 hmin and h = hmin . The geometric spreading LGS (s) is plotted in Figures 8(b), 9(b) and 10(b)
for the pre-critical, post-critical and critical rays, respectively,
where vS is the velocity at the source. The normalized geometric spreading LGS /σ is plotted for the three rays in Figures 8(c),
9(c) and 10(c).
The results obtained for rays in the caustic-generating
medium are in agreement with the theoretical predictions in
Appendices D and E of Ravve and Koren (2020d).

Figure 10 Example 3: Critical ray in the simple, smooth, causticgenerating medium: (a) ray trajectory; dashed grey line is the initial
guess; (b) geometric spreading and (c) normalized geometric spreading.

Example 4: Geometric spreading for 2.5D and 3D gas-cloud
velocity model
The gas-cloud model was suggested by Brandsberg-Dahl et al.
(2003) to test an algorithm of generating common image gathers based on the generalized radon transform. This model
represents a simplification of the real geology at the Valhall
field, located in the Norwegian sector of the North Sea and
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Figure 11 Example 4: 2.5D gas-cloud velocity model with the constant vertical (along x3 ) gradient half-space and cylindrical anomaly: (a)
velocity distribution, (b) absolute value of the velocity gradient.

studied by O’Brien et al. (1999). We further simplified the
model and rounded off the numerical input data. In this example, the gas-cloud model represents either a cylindrical (2.5D)
or a spherical (3D) low-velocity anomaly over a background
constant velocity gradient half-space, referred to in Examples
4a and 4b, respectively. The velocity field is given by


2
(x −c )2 + (x −c )
v = va + k x3 − v exp − 1 1 x2 3 3 , 2.5D,

v = va + k x3 − v exp −

o

(x1 −c1

)2 +(x

2
2 −c2 ) +
xo2

(x3 −c3 )2



(48)
, 3D,

where va = 1.5 km/s is the background surface velocity, k =
0.5 s−1 is the background vertical velocity gradient, v =
0.8 km/s is the magnitude of the velocity anomaly (the gas
cloud), xo = 0.3 km is a parameter governing the width of
the transition (smoothing) zone, and [c1 c2 c3 ] = [0 0 1 km]
is the cloud centre location. In this example, we study a oneway path, with a source located at the origin x3 = 0, and a
receiver located under the source, at a depth x3 = do = 3 km.
The velocity distribution and the absolute value of the velocity gradient vector are shown for the 2.5D case in Figure 11(a)
and (b), respectively. The kinematics of the 2.5D and 3D cases
are identical, while the dynamics are different. In both cases,
we deal with multi-arrivals: The vertical ray passes through
the cloud centre and delivers a saddle point traveltime, while
the bypassing ‘lateral’ rays deliver the minimum traveltime solutions. The ray path and geometric spreading related to the
vertical ray are shown by solid lines in Figures 12 and 13,
while those related to the bypassing rays – by dashed lines.
There are two symmetric bypassing rays for the 2.5D model,
as shown in Figure 12(a), and a bypassing ray per any azimuth for the 3D model. In the 3D case, we chose a fixed az-

imuth of the vertical plane x1 x3 . Figure 12(b, c) shows the
non-normalized and normalized geometric spreading, respectively, for the vertical (‘passing through’) and bypassing rays
of the 2.5D model. The vertical ray has a caustic at a depth
1.5 km, which does not coincide with the depth of the cloud
centre, 1 km (a similar result was obtained by BrandsbergDahl et al., 2003). Further analysis (equations (25) and (26))
shows that this is a line (first-order) caustic, where the line is
parallel to the axis of the cylindrical cloud, x2 . The bypassing
rays in the 2.5D model do not have caustics. Figure 13(a, b)
shows the non-normalized and normalized geometric spreading, respectively, for the vertical and bypassing rays in the 3D
model. The vertical ray has a caustic at the same depth 1.5 km,
which is 0.5 km below the centre of the spherical cloud, but
now equation (25) shows that this is a point caustic. The bypassing rays have a caustic at the destination (receiver) point
do = 3 km, and equations (25) and (26) show that this is a
line caustic, where the line direction belongs to the plane of
the curvilinear ray trajectory and is normal to the ray. The
physical nature of the line caustic at the receiver differs from
that of the point caustic at the depth 1.5 km. The endpoint
(receiver) caustic is not directly related to the cloud. The 3D
endpoint caustic exists due to the multiplicity of the bypassing ray trajectories for the fixed source and receiver, which, in
turn, is a sequence of the radial symmetry. A solution exists for
any azimuth, and a paraxial ray of a slightly different azimuth
yields the same traveltime. Therefore, despite a rule that a receiver caustic (located exactly at the end of the ray trajectory)
is a limit case between a minimum time and a saddle point
time, we can still consider the bypassing ray trajectory in the
3D model as a minimum time path, just keeping in mind that
all azimuths deliver the same minimum traveltime.

© 2020 European Association of Geoscientists & Engineers, Geophysical Prospecting, 69, 28–52

48 I. Ravve and Z. Koren

Figure 13 Example 4b: Rays in a 3D gas-cloud model: (a) geometric
spreading and (b) normalized geometric spreading.

the gradient components are k1 = 0.2 s−1 , k3 = 0.8 s−1 , and
the offset is h = 10 km. The axial ‘crystal’ velocities of the
medium at any point are proportional to the background velocity (factorized anisotropic inhomogeneous medium, FAI),
Av (x) = λa v (x) ,
v = va + k · x,

Figure 12 Example 4a: Rays in a 2.5D gas-cloud model: (a) ray trajectories, (b) geometric spreading and (c) normalized geometric spreading.

Example 5: Diving ray in an anisotropic ellipsoidal model
Example 5a: Anisotropic ellipsoidal model with a constant
tilted reference velocity gradient
The model includes an anisotropic ellipsoidal medium (Ravve
and Koren, 2020d, Appendix G) with a background velocity
v that changes linearly in space and has a tilted gradient as
in Example 1b. The surface midpoint velocity is va = 3 km/s,

Bv (x) = λb v (x) ,

Cv (x) = λc v (x) ,
(49)

where λa = 1.25, λb = 1.15, λc = 1 are the unitless constant
values, i.e. the vertical axial velocity coincides with the reference velocity. The two horizontal axial velocities are higher
than the vertical velocity. This medium can be viewed as an
acoustic orthorhombic medium, whose six parameters are


vP = λc v (x),
1 + 2ε2 = λa,
1 + 2ε1 = λb,
η1 = η2 = η3 = 0,

(50)

where vP is the vertical (compressional) velocity, ε1 and ε2 are
the Tsvankin (1997) anisotropy parameters, and η1 , η2 , η3 are
the anellipticities (Alkhalifah, 2003; Tsvankin and Grechka,
2011). The ray path is presented in Figure 14. The accuracy of
the numerical traveltime is 11–12 digits. According to the theoretical solution (Ravve and Koren, 2020d, Appendix G), the
stationary ray path represents a symmetric elliptic arc, with
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teristic of the geometrical spreading, the DRT was performed
twice: first for x1,S = −5 km, x1,R = +5 km (solid lines in
Fig. 14b, c), and then the source and receiver were swapped
(dashed lines in Fig. 14b, c). Indeed, at the destination point,
the solid and dashed lines meet due to the reciprocity of the
geometric spreading, but they are different elsewhere through
the asymmetric velocity field (with respect to the vertical axis
of symmetry of the elliptic path). We compute the kinematic
characteristics, the phase and ray velocities at the source, the
conversion velocity vJ,S , the source–point normalized geometric spreading (LGS /σ )S and the geometric spreading at the destination point for the forward and reverse paths (when the
source and the receiver are swapped). The analytical prediction of the latter yields an excellent match with the numerical value. The geometric spreading is very close to an integer
number, LGS = 46 km2 /s; most probably, this is an exact theoretical value.

Example 5b: Ellipsoidal model with a varying tilted reference
velocity gradient
To test the derived relationships for the conversion velocity
vJ,S , and for the source–point value of the normalized geometric spreading, we consider one more example with the ellipsoidal orthorhombic model, with a varying gradient of the
reference velocity, which leads to an asymmetric path. The reference velocity reads
v (x) = va + k1 x1 + k3 x3 + k11 x21 + k33 x23 + k13 x1 x3 ,

(52)

where the components of the spatial gradient and Hessian of
the reference velocity are
Figure 14 Example 5a: Rays in an ellipsoidal model with tilted constant velocity gradient background: (a) elliptic ray path, (b) geometric
spreading for forward and reverse paths shown by solid and dashed
lines, respectively, and (c) normalized geometric spreading.

the following horizontal and vertical semi-axes, eccentricity
and maximum penetration depth:
Ae = 6.853660062 km, Be = 5.482928050 km,
me = 0.6, zmax = 1.732928050 km.

(51)

The numerical finite-element solution for the ray path is
plotted in Figure 14(a). In Figure 14(b, c), we plot the nonnormalized and normalized (divided by σ ) geometric spreading, respectively. Unlike the isotropic medium with a constant
gradient considered in Examples 1a and 1b, where the geometric spreading is equal to σ , this is not so even for the simplest
anisotropic case. In order to validate the reciprocity charac-

va = 3 km /s, k11 = +0.05 km · s
k1 = +0.2 s−1 , k33 = +0.04 km · s
k3 = +0.8 s−1 , k13 = −0.06 km · s

−1

,
,
−1
.
−1

(53)

The origin of the reference frame is located at the
midpoint. The computed numerical ray path is shown in
Figure 15. The path is asymmetric, with different take-off angles at the source and receiver. We also compute analytically
the kinematic and dynamic characteristics of the ray path.
There is an excellent match between the two methods for computing the geometric spreading and for the forward and reverse paths. The ray path is plotted in Figure 15(a). The nonnormalized and normalized geometric spreading are plotted in
Figure 15(b, c), respectively. The graphs related to the forward
path are plotted with solid lines, and those related to the reverse path (after swap of the source and receiver) with dashed
lines.
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Figure 15 Example 5b: Rays in an ellipsoidal model with tilted varying velocity gradient background: (a) asymmetric ray path, (b) geometric spreading for forward and reverse paths shown by solid and
dashed lines, respectively, and (c) normalized geometric spreading.

CONCLUSIONS
We present an original variational formulation for dynamic
ray tracing (DRT), yielding a linear, second-order, Jacobi ordinary differential equation, to be solved by the same finiteelement method that has been applied to the kinematic ray
tracing (KRT). The solution of the proposed Jacobi DRT equation for point–source and plane-wave initial conditions (IC)
provides a normal shift vector which is a linear combination
of four basic vector solutions normal to the ray direction –
defining general paraxial rays. For point–source paraxial rays,
only two basic solutions with their corresponding IC are required. The solutions are zero at the source point, normal to
each other in a small proximity of the source, but may become

collinear at caustic locations. These vector solutions make it
possible to compute the ray Jacobian along the stationary ray
and, therefore, also the (relative) geometric spreading with the
ability to identify (and classify) possible caustics. The theory
and implementation are valid for 3D smooth heterogeneous
general anisotropic media and for all types of wave modes.
The challenges of the shear-wave kinematics, related to the
branching and algebraic complexity of the shear group velocity surface, are not actual for the shear-wave dynamics, where
we assume that both the central and the paraxial rays belong
to the same shear branch.
Using our proposed ray coordinates, we provide the relationship between the corresponding ray Jacobian and the (reciprocal) relative geometric spreading in general anisotropic
media. The latter is commonly used as the amplitude factor of
the Green’s function.
Finally, we propose computing a new dynamic parameter
(attribute), the normalized relative geometric spreading, which
can be used to compute a qualifying factor/criterion for evaluating the reliability of the resolved stationary path solution.
We further provide its value and the arclength derivative at the
start point for a point–source paraxial ray, which we found
useful for testing the numerical results.
Instead of the traditional initial-value numerical integration approach (e.g. Runge–Kutta) for the DRT, where the
derivatives of the unknown function(s) (e.g. paraxial normal
shifts at each point along the central ray) are approximated
by finite differences, we solve the ODE set with an accurate
finite-element implementation using (naturally) the same discretization and the same Hermite interpolation scheme as used
for the KRT in Koren and Ravve (2021) of this study. This
is particularly important for the type of rays studied in this
work, involving caustics phenomena along waves travelling
in complex geological areas. One of the main advantages of
the proposed method is that the resolving matrix of the DRT
yields a linear algebraic equation set which coincides with the
traveltime Hessian matrix of the stationary ray. This traveltime Hessian matrix has already been computed as part of the
solution for the stationary ray path, and hence should not be
recomputed, thus making the implementation of the proposed
method efficient. We have successfully demonstrated the high
accuracy of the proposed method with a number of isotropic
and anisotropic benchmark problems.
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